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¥"Preprocess: a set D of points O

Query: given a query point g,
report a point p € D with the /P )

smallest distance to g g
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e
¥ p‘oﬂma
G ear neighbor: given a new pomt q,

report a point peD s.t. [|[p — ql| < - -

- .~

if there exists a cda SR

point at distance < 7 v p
* Randomized: a point p returned wnth ' /.

90% probability crq\.

S~ -

* In practice: query time small if not Gl e
too many approximate neighbors
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dyk-Motwani®8]

¥"Random hash function g on
R% s.t. for any points p, g:

P, = Close when [|p - @ps-M/SM/KO+

. : ® @ O
Prlg(p) = g(q)] is "high” S Tod e
P, = Far when lp — ql| > cr | [%®
Prl[g(p) = g(q)] is "small’ of e @

tablesp, = P/
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Motwan|(98]

¥ tash function g is actually a concatenation of
“primitive” functions:

* g(p) = (hi(p), h2(P), -.., A (P))

e LSH in Hamming space {0,1}¢
* h(p) = p;,i.e., choose j* bit for arandom j

+ Prih(p) = h(g)] = 1-725PL

* g(p)=projection on a few random bits4

Prlg(p) = 9(q)]

. _log1/py _ r/d _ 1
c

log1/P, cr/d
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Space |Time Comment Reference
nite nf p=1/c [IMO98]
p=0.5/c [IMNPOO06]
p=>1/c [OWzO11]
n1+1T/C Q(t) memory lookups [PTWO08, PTWO10]
nlte nf p=1/c [IMO98]
p ~1/c* [DIIMO04, AIO06]
p = 0.5/c? [IMNPOO06]
p=1/c? [OWz011]
1/c* | Q(t) memory lookups [PTWO08, PTWO10]
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¥NNS in Hamming space (¢;) with n” - d query
time, n” + nd space and preprocessing for

1
* P = ? +0<C3/2>+0(1)
e cfp = —of[IM 98]
» NNS in Euclidean space (¥,) with:
. 7/8 1
P~ "2 40 >+0(1)
e cfp= —ongI '06]
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¥1I'SH lower bounds in Hamming space

* Fourieranalytic STUL$%%"++MVDMW2$DUXXY"
» IMetwani-Naor=-Parigrany 0o |

e H distribution over hash functions h:{0,1}¢ - U

* Far pair: p, g random, distance = 442 ed

* Close pair: p, g random at distance = ;(Z ﬂ

. Getw C o

p=1/c

10
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¥ Suppose we try to generalize [OWZ’11] to NNS

* Pickrandom g
 All the “far point” are concentrated in a small ball of
radius ed /2

* Easy to see at preprocessing: actual near neighbor
close to the center of the minimum enclosing ball

11
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¥ Data dependent LSH:
* Hashing that depends on the entire given dataset!

* Two components:
« “Nice” geometric configuration with p < 1/c?

* Reduction from general to this “nice” geometric
configuration

12
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¥ All points are on a sphere of radius cr/v2 ,
* Random points are at distance cr T

0.5
*Llemmatp = )

+ “Proof”:

* Obtained via “cap carving”
» Similar to “ball carving” [KMS’98, Al’06]

* Lemmat:p = (1 — 47172) Clz for radius = ncr

13
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¥1dea: apply a few rounds of “regular’” LSH
* Ball carving [Al'06]

* Intuitively:
* far points unlikely to collide

* partitions the data into buckets of small diameter =
O(cr)

* find the minimum enclosing ball

* finally apply spherical LSH on this ball!

14
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¥ 1P hash tables, each with:
* hash function g = (hq, hy, ... hy, S1, ... S;)
* h;’s are “ball carving LSH” (data independent)
* s;’s are “spherical LSH” (data dependent)

* Final p is an “average” of p from levels 1 and 2

hi (@), ..., by (p)



LII_*’+/I

¥Tnside a bucket, need to ensure “sparse” case
* 1) drop all “far pairs”
* 2) find minimum enclosing ball (MEB)
* Use Jung theorem: diameter ¢ implies MEB radius tc/v/2

* 3) partition by “sparsity’”’ (distance from center) into
shells

16
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¥ NNS with n” query time:
* where p = %8 for ¢,
“7/8
* where p = Tfor 2
* Below the lower bounds for LSH/space partitions!

* Idea: data dependent space partitions

* Better upper bound?

* Multi-level improves a bit, but not too much

c p="3fort,?

* Best partitions in theory and practice?

18



